I. Let
(a)
(b)
(©)

Solution

(a)
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u=(1,3,2),v=0G,1L1),z=(,10).
(4 points) Show that u, v and z are linearly independent.

(4 points) Find the area of a parallelogram OABC in R? with OA =u and OC =.
(4 points) Find the distance between the point z and the plane spanned by u and v.

Suppose there exist scalars a;,a,,a; € R such that
a1u+a2V+a3Z=0 .
By comparing coordinate entries, it follows that

a1+3a2+a3=0

3a1+a2+a3=0 (1)
2a1 + Clz == 0
From the last equation, we have a, = —2aq, .
Putting into the first and the second equations, we have
_Sa] + a3 = O
al + a3 = 0
From the difference of these two equations, we have a; =0 .
It follows that a3 = —a; =0 and a, =—2a,=0.
Thus, u, v and z are linearly independent . ]

Remark. We can write the system (1) in a matrix representation as:

1 3 1 a 0
31 1]|9]1=(0 (2)
2 1 0/ \4;3 0

Then, the vectors u,v,z are linearly independent if and only if the homogeneous system
(2) has only the trivial solution a; = a, = a3 = 0, if and only if the coefficient matrix is
non-singular if and only if det(u,v,z) # 0.

(b) Note that

b

11 31113 1
Thus, the area of the parallelogram OA BC required is

||E4> X OC|| =V 1%+ 5%+ 8% =34/10 square units.
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(¢) From (b), note that
(z,uxv)=11H+15)+0(-8)=6 >0

Thus, the distance between the point z and the plane spanned by u and v is

(z,uxv) H |[(z.uxv)| 6 /10
—u XV = = = .

la x v||2 -

lu X v]| 34/10 5

[IProjuxy (@)l = ‘

2. This question is related to properties of some special 3 X 3 matrices.
(a) (6 points) Evaluate the following determinants:
cosa —sina 0
det(R,) = det| sina cosa O
0 0 1
cosff 0 sinp )

det(R,) = det< 0 1 O
—sinff 0 cosp

1 0 0
det(R,) = det <0 cosy —sin y)

0 siny cosy
(b) i. (3 points) Describe the geometric meaning of the three matrices R,, Ry, R, above.
ii. (2 points) Describe the geometric meaning of the product R R R, of the three ma-
trices above.

(¢) (2 points) Given fixed a,f},y, someone claims that R.R,R, = R.R.R,. Do you agree?
Explain.

Solution.
(a) For det(R,), spanning along the last row (or last column), we have

cosa —sina
sina cosa

det(R) = (=1)°* - 1- =cos’a +sin*a =1

For det(Ry), spanning along the second row (or second column), we have

cosf sinf

2 )
, =cos"f+sin“f =1
—sinf# cosp b b

det(R,) = (=1)***-1-

For det(R,), spanning along the first row (or first column), we have

cosy —sin
detR) = (=) .1. |7 "I = cos?y +sin2y = 1
siny cosy
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(b) 1i. R, represents a proper rotation by an angle y about the x-axis,
R, represents a proper rotation by an angle [ about the y-axis,

R, represents a proper rotation by an angle a about the z-axis .

ii. The product R R R, represents firstly rotated by an angle a along the z-axis,

followed by rotated by an angle f# about the y-axis and lastly rotated by an angle y
about the x-axis, with orientation preserving.

(c) No.Putting f =0 sothat R, =1. Itsuffices to check that R,R_# R R, in general by
considering one of those entries is difference.

Note that

0

[R.R];=[1 0 0] H =0

1

and
0
[R.R 15 = [cosa —sina 0] —siny| =sinasiny # 0
cosy
for some a,y. This shows that
RXRZ # RZRX

in general and thus the equality
R.R,R. =R R.R,

does not hold in general, the claim is disagreed.
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3. Let y(t) = (¢, t?) be a curve on the x y-plane.

(a)
(b)
(©)

Solution.
(a)
(b)

(3 points) Find y'(¢) and describe its geometric meaning.
(5 points) Find the length of arc in y(¢) joining the points (0, 0) and <%, %) .

(5 points) Let a(t) = (=t + 3, t> — 6t +9). Using the result of (b), find the length of arc
3 9

> 7 ) You need to explain very clearly how part

in a(t) joining the points (3, 9) and
(b) helps you find the answer.

y'(t) = (1, 2t), and it represents the direction of the tangent vector to the curve y () .

ly Ol =1+ 42 .

7)) =(0,0) & 1=0,and y(t) =(3,7) & 1 =2
Hence, we have

From (a), note that

: :
J lly'(t)||dt = J 1 +4¢% dt
0 0

Putting 2¢ = tan 6, where —% <0< %, it follows that
tr=0 < 6=0

and
3
t=§ < f=tan"!3
and hence
% 1 tan~13
J 1+4t2dt=—[ sec30do
0 2]
1 tan~13
=5J sec @ - d(tan9)
0
tan~13
1 tan~13 1
=—[sec€tan9] - — tan@ - sec @ tan 0 d0
2 0 2 ),
1 1 tan—1 3 1 tan~13
=—(3\/10)——J sec39d9+—[ secddo
2 2] 2]
-1
3 1 tan” " 3 1 an—1
=—4/10 — — sec3¢9ah9+—ln|sec'9+tan9|t :
2 2 ), 2 0
3 1 tan~13 1
=4/1 ——[ sec39d9+—1n(3+\/10)
2 2 ), 2

Thus, the arc length required is given by

3
Jz 1+ 4dt = % <%\/1_0+%1n(3+\/1—0)> - %(3\/1_0+1n(3+\/1_0)).

0

Remark. If you use hyperbolic substitution, the alternative answer is given by

1
Z(sinh_1 3+34/10).
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(c) Observe that
a(t)=y(3—-1) (*)

at)=(3,9) < t=0

Also, we have

and
39 3
a(f)=(5,z) = =7

It follows that

a(0)=(3,9)=7r03)

and
a(3) =, =r3)

The length of arc in a(#) joining the points (3, 9) and (%, %) is given by

(S1[e8)
] [%}

J la)lldt = J IrG =l - (= 1)dt
0

3

Using substitution # = 3 — ¢, then it follows that

|

3 3
Jz 17'G =0l - (= D = J @l - (~1)(—du) = J Iy @lldu

3 0 0

= %(3\/1_0 +1In(3 +4/10))

Thus, the arc-length of a(¢) required is

3

3
2 2 1

[ tewlar = |1 olar = 26y10 + 106+ Vo).
0 0

Remark. 1t is also acceptable if you write

1
Z(sinh-1 3 +34/10) .
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4. Suppose u,v € R?.

(a)
(b)

(©

Solution.

(@)

(b)

(©

1
(5 points) Prove that (u,v) = ) (||u||2 +IvlI> = Jlu — V||2) :

(5 points) Let A bea 3 X3 matrix such that for any v € R?, ||Av|| = ||v|]|. Show that
forany u,v € R3,
(Au, Av) = (u, V)

(5 points) Write down any 3 X 3 matrix A except %/, such that forall v € R3,
|Av][ = [[v]].

Note that
lull? + Iv]I> = [la = v||I> = (uw,u) + (v,v) — (u — v,u — v)

= (w,u)+(v,v) —(m,u—v)+(v,u—-v)
= (u,u) +(v,v) — (u,u) + {(u,v) + (v,u) — (v, v)
= (u,v)+(v,u)

Since u,v € [R{3, hence we have
(u,v) = (v,u)

and thus

% (Il + vIZ = lla = vI?) = % (2(u,v)) = (u,v). O

Observe that
(Av, Av) = (AV)T(Av) = v/ (AT Av) = (v, ATAV) = (v, V)
it follows that
v-ATAv=0 = ATAv=y
forall v e R3.
Thus, for any u,v € R3, we have
(Au, Av) = (Au) Av) = u’(ATAv) =ulv = (u,v) . O

From part (b), we have
ATAv=v
forany v € R3. By taking v =e;, v=e, and v = e;, it follows that

ATA e |e,le;] = [ATAe |ATAe,|AT Aes] = [e]e;]es] =1

Therefore, it shows that ATA =1, ie. A isan orthogonal matrix.
If A =[a,|a,|as],where a, is the i-th column vector of the matrix A for i =1, 2, 3.
Then, we have
1 if i=j
ATA=1] < ala, = <a~,a~> =
v v 0 if i#j
for 1 <i,j <3. It shows that any 3 X3 matrices A with column vectors forming an

orthonormal set will satisfy
lAv]l = lIvll -

Example:  Except for £/, any 3 X3 matrices with column vectors forming an
orthonormal set is acceptable.
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(a) Let u: (-7, ) - R? be such that

w(t) = <(1) ‘01> u(t)

and u(0) =e, .

1.

1.

1il.

(2 points) Show that (u'(¢),u(¢)) =0 forany ¢t € (—z, 7).
d
(I point) By (i), show that 7 (||u||) =0 foranyt € (—x, 7).

(I point) By (ii), show that ||ju|| = 1 forany ¢t € (—x, 7).

(b) Itis given that <u(t), e2> =sint forany t € (—x, 7).

5.

Solution.
(a)
(b)

i

1.

1il.

iv.

1.

1l.

iii.

(2 points) Find explicit formula for u(z).
(I point) What shape does u(¢) trace?
(3 points) Define

_ det(u'(1), u"(1))
SN TPE

b

show that k,, =1 forany t € (-7, 7).

(2 points) Let v(t) = au(t) where a > 0 is a constant. Find «, in terms of a.

Letting u(z) = (a(¢), p(t)), where a,f are twice differentiable functions on
(=m, ). Then
() = (0 —1) (a(t)> _ (—ﬁ(t)>
1 O p(t) a(t)
Thus, it follows that
('), u®)) = @) u@) = - pOa@) +a@®p@) =0. ]

From (i), we have
0 = (WD), u) = ~-L (u), u®) = == O
= (u'(t),u®)) = —— (u(@),ur)) = ——/|u
2 dt 2 dt
This shows that |ju(z)||* is a constant (independent with variable f), hence |Ju(?)||
is also a constant and thus

< () =0

for any t € (—nx, ). L]

From (a)(ii), let ||u(z)|| = ¢ for some positive constants c, for any t € (—x, 7).
Since u(0) = e, hence
¢ =[lu@) = lle;l| =1
and thus
llull =1

forany t € (—nx, 7). L]
Note that {e s e2} constitutes an orthonormal basis for R2.
Therefore, we have

u(®) = (u(r), e ) e; + {u), e,) e, (*)

Since ||u(z)|| = 1 forany t € (—nx, x), it follows that
2 2
(u(),e;)” + (u(),e,) =1

2 )
(u(t),e1> =1 —sin®r = cos?¢
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Hence, we have

(u(t), e1> =cCcost or <u(t),el> = —CoSt?
Since u(0) = e, hence

(u(0),e,) = (e, e;) =1 = cos(0)
Therefore <u(t), e, ) = —cost is rejected and hence we have
<u(t),e1> = Ccost.

Thus, from ( * ), we have

u(?) = (cost)e; + (sint)e, = (cost, sint) .

ii. From (b)(i), we have
lu(@) - 0] =1
for any t € (—nx, x), it clearly shows that u(¢) is a unit circle centered at origin.

iii. Note that
u'(r) = (—sint,cost)
u’(t) = (—cost,—sint)
From the formula provided, we have

det(u'(r), u"(1))
'@

—sint —cost
cost —sint

(VEsin 02+ (eos z)2)3

sin ¢ + cos? ¢

Ku(t) =

((sin 1)2 + (cos t)z)%

=1
forany t € (—x, ).

iv. Note that for ¢ > 0, then
v(t) = au'(t)
v'(t) = au’(t)
Hence, it follows that

det(v'(¢),v"(1))
Iv/(0)]I3

_ det(au'(?), au’(1))

a3

_a?det(u'(r),u" (1))

ICATLOIE

Ky =

* Ku(p)

1
a
1
a
forany t € (—x, 7).
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6. This question is related to a geometric meaning of the Jacobi identity
UX(VXW+vX(wXxu+wx@Xxyv)=
where u,v,w € R3. Throughout the question, you may find the following identity useful:
uXx(vxw)=(uw)v—(uv)w
where u,v,w € R3.

A

a

Figure 1: A ABC with two altitudes

As shown in Figure 1, let a = B_C:, b= E{ and ¢ = A_é Define

N,=ax(bXxc)
N, =bX(cxa)
N.=cXx(axb)

Let O be the intersection point of the two altitudes passing through A and B respectively.

(a) (6 points) Showthat OAXN +OB><Nb+ oC XN.=cXNp+(c+a)xN,.
(Hint: Express OB and OC in terms of OA ¢ and a respectively.)

(b) (8 points) Show that ¢ X Ny, + (=b) X N, = 0.
(Hint: Show that aXb =c¢Xxa first. Let u=¢, v=D>b, w=a Xb and apply Jacobi
identity)

(¢) (10 points) Combining the results from (a) and (b), show that the altitude that passes
through C will pass through O.
(Hint: Think about the relationship between N,, Ny, N, and a,b,c.)

Proof.

(a) Note that

OB=0A+c
OC=0OA+c+a

Then, we have

OAXN,+OBxN,+ OC XN, = 0A x (N, + N, +N,) + ¢ X Ny, + (¢ +a) X N,
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From the Jacobi identity, we have
N,+N,+N.=0
and thus

OA XN, + OB XN, + OC xN,= 0AX0+cxXN,+ (c+a)xN,
=cXNp+ (c+a)xX N,

]
(b) Note that
a+b+c=0
It follows that
ax(@a+b+c)=ax0
axb+axc=0
axb=—-axc
=cXa
Then, the Jacobi identity implies that
¢XNp+(=b)XxN,=cX (bx(cxa)) —bx (cXx(@xbh))
=cx(bx(exa))+bx ((@axb)xc)
=cx (bx(cxa))+bx ((cxa)xc)
=—(cxa)X(cxb)
Furthermore, we also have
(@a+b+c)xb=0xDb
axb=-c¢xb
Together with the previous result, we have
axb=cxa=-c¢Xxb
Thus, it follows that
¢ XNy +(=b)XN,=—(cxa)X(cxb)
=(axb)x(axb)
=0
L]
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(c) Combining the results from (a) and (b), we have

OA XN, +O0BxNy+ OC xN,=cxNy+(c+a)xN, (from (a))
=c¢X N+ (=b) X N,
=0 (from (b))

Note that the altitude passes through C must be perpendicular to AB=c by definition.
It remains to show that OC is orthogonal to ¢, or OC is parallel to N, and finish the
proof.

* OC isparallel to N:
Observe that

(Ng,a) = (Ny,b) =0,
and from the second useful identity, we have

N, =(a,c)b—-(a,b)c
{Nb = (b,a)c—(b,c)a

Since a+ b + ¢ = 0, therefore
N,. N}, € span(a, b, ¢) = span(a, b) = span(a, ¢) = span(b, ¢)
which means that N,, N}, are coplanar and lyingon A ABC.

Hence the altitudes passing through A and B are parallel to N, and N, respectively.
Since OA L a and OB L b,so OA and OB are parallel to N, and N, respectively.

Let OA = pN, and OB = gqN,,, where p,q are constants.
Putting into the (a) and yields
pN, X N, + gN, XN, + OC x N, =0
0C x N.=0
and which is equivalent to say 0C is parallel to N,.

As <Nc,c> =0, and N_,=-N,—N,, hence N, is also lying on A ABC, and

orthogonal to A B. Hence, the altitude passes through C is parallelto N, and OC.
That is, the altitude that passes through C will pass through O . ]
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Remark. There is an alternative solution for showing OC is orthogonal to ¢ by Tutor
Tommy Lam.

e OC isorthogonalto ¢:

Combining the results from (a) and (b), we have

OA XN, +OBxNy+ OC xN,=cxN,+(c+a)xN, (from (a)
=c¢X N+ (=b) X N,
=0 (*)

Denote the normal vector to the plane /7 containing A ABC by N.
Then, we have N is parallel to bX ¢, axXb and aXxc.
Now, it follows that

(Ny,a) =(ax(bxc),a)=0
(N,,N) =(ax(bxc),Ny=0.

Also, we have (E{, a> =0 as OA is lying on the altitude passes through A, and
<m,N> =0 as OA lies on the plane 11 .

Therefore, it follows that
OA isparallelto N, = OAXN,=0.

By the same idea, we also have
Putting back to ( * ), we have
0+0+ OC XN, =0 = OCXN_.=0
Because <Nc,c> =0,and OC is parallel to N, thus
< oC, c> —0

that is equivalent to say OC is orthogonal to c.
Thus, the altitude that passes through C will pass through O . ]
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7. (a) Letv,:R" - R? be defined by v,(t) = (t"cost, t"sint) forany t € R*.
i. (2 points) Find v,(7) .

ii. (4 points) Find the arc-length of v,(f) from t =1 to t =2 for n =—1 and
n=-2.

(b) Let u,,: R — R? be defined by u, (1) = (ae” cost, ae’ sint) forany ¢ € R.
i. (2 points) Find u, (1) .
ii. (3 points) Find the arc-length of wu, ,(¢) from 1 =0 to 7 = 1.

Solution.
(@) i. V.\(t)=(=t"sint +nt"'cost, t"cost +nt""'sint),forany t € R*.

ii. For n = — 1, we have

X0 < —sint cost cost sint )
V—l = - -
t

27t 12
and

1
Ilv_,@®| = Z\/(t sint 4 cos )% 4 (f cos t — sin 1)°

1 . . : :
= —2\/t2(sm2 t+cos?t)+2tsint cost — 2t cost sint + (cos f + sin®t)
t

1
_ 2
=2 -+ 1

The arc-length of v_(¢) from # =1 to t =2 is given by
2

2
1
[ v, (®)|ldt = [ = 2+ 1dt
1 1
Putting ¢ = tan 6, where —% <0< % then we have

t=1 <=>9=Z

and
t=2 < 0 =tan"!2
Hence, the arc-length required is given by

21 tan” " 2 1
2 _ 2
J'— t“+1dr= sec @ - sec0d0
| 12 Je tan2 @
~tan~12 tan—12
cos @
= sec 0d0 +J - deo
Jz z sinZ @
a
tan~12 1 tan~!2
=1n|sec€+tan0| - —
z sin @ z

=1n(\/§+2)—1n(\/§+1)+\/§—\/§
=\/§—£+ln(2+\/§)—ln(l+\/§)

2
Remark. The alternative answer can be given by

V2 - g +sinh™!'2 — sinh™' 1 .
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For n = — 2, we have

, sint 2cost cost 2sint
Vo) =1~ 2 B8 2 P
and
1 i ;
Iv_,(®| = —3\/(t sint 4+ 2cost)? + (t cost — 2sint)?
t

1 . . : .
= —3\/t2(sm2t + cos?t) + 4t sint cost — 4t cost sint + 4(cos> ¢ + sin’ 1)
t

1
— /2
=3Vi +4
The arc-length of v_,(#) from # =1 to t =2 is given by
2

2
1
J v 5(0)|ldt = J' —\t*+4dt
I B
Putting ¢ = 2tan @ , where —% <0< %, then we have
=1 < €=tan‘1%

and
V3

t=2‘:’9=2

Hence, we have

1 1

—Vt*+4dt=

P an-11 Stan3 0
2

ESEY

.2secO-2sec0do

1 (% 5
= E csc’0do
tan—l%
T 1 (%
=——cscfcotf ——J csc O cot> 0 do
2 tan—lj tan—1 1

1 1 i \ 1 (%
=—=V2+=5-2-—= csc’0dO + — csc 0do
2 tan—11

-11
tan 5

cl
AN
3

1 T
csc30do —Eln |csc¢9+cot9|

1 1
=5V5 -V -3

-11
tan >

-11
tan 5

T

1 I (4
=-QV5 -V -2

Jian-11
tan~" 5

1 1
csc 0do — = In(v/2 + 1) + 5 In(v/5 +2)

This implies that
1 (4 1 /1 1 1
—J csc30dO = — <—(2\/§—\/§)+—1n(2+\/§)——1n(1+\/§)>
2 )1 1 2\2 2 2

Thus, the arc-length required is given by

%(2\/§—ﬁ+ln(2+\/§)—ln(l+\/§)>.

Remark. If you use hyperbolic substitution, the alternative answer can be given by
1
Z(2\/5 — /2 +sinh™'2 —sinh~" 1) .
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(b) i u, ()= (—ae’sint +abe” cost, ae” cost + abe” sint), for any t € R.

ii. From (b)(i), note that

u, (1) = ae’(—sint + b cost, cost + b sint)

and

I, , (DIl = |al eb’\/(—sint + b cost)? + (cost + b sint)?

=|a| eb’\/sinzt 4+ cos’t —bsintcost + b cost sint + b%(cos’ t + sin’ 1)
= |ale’\/1+b?
Thus, the arc-length of w, ,(¢) from t =0 to 7 =1 is given by

1 1
J ||u;’b(t)||dt=J la|e?\/ 1+ b?dt
0 0

|a|\/1+b2J e’ dt

1
0

la| if b=0
- %\/Hbz(eb—l) it b0

— THE END —
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